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In this paper, we consider the g -Navier-Stokes equations in a two-dimensional bounded domain Qg. We
stabilize an unstable weak stationary solution by using linear multiplicative Ito noise.
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Tém tat

Trong bai bao nay, chiing ta xét hé phuong trinh g -Navier-Stokes trong mién hai chiéu bj chan Q,.Ching
ta 6n dinh hoa mét nghiém dirng yéu khéng 6n dinh bang cach st dung mét nhi&u Ito nhan tuyén tinh.

Twr khéa: Hé phuong trinh g -Navier-Stokes hai chiéu; 6n dinh héa; nghiém dting yéu.

1. INTRODUCTION

Let Qg be a bounded domain in R?with smooth
boundary 6Q,. We consider the following 2D g
-Navier-Stokes equations.

g—zz—vAu+(u.V)u+Vp=f inQ xR7,

V. (gu)=0 inQ xR, (1)
u=0 on E)Qg,

u(x,0) = u,(x) in Qg,

Where:

u = u (x,1) = u(u,u,) is the unknown velocity vecto;
p =p (x,0) is the unknown pressure;
v >0 is the kinematic viscosity coefficient;

u, is the initial velocity.

The 2D g-Navier-Stokes equations arise in a
natural way when we study the standard 3D Navier-
Stokes problem in a 3D thin domain T, = Qg x (0,9)
(see [9]). As mentioned in [9, 10], good properties
of the 2D g -Navier-Stokes equations can lead to
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an initial study of the 3D Navier-Stokes equations
in the thin domain Tg.ln the last few years, the
existence and long-time behavior of solutions in
terms of existence of attractors for 2D g -Navier-
Stokes equations have been studied extensively in
both autonomous and non-autonomous cases (see
eg.[1,2,4,5,6,7,9, 12] and references therein).
The stability and stabilization of strong stationary
solutions to 2D g -Navier-Stokes equations by
using an internal feedback control with support
large enough were studied recently in [8].

In this paper, we continue studying the stabilization
of weak stationary solutions to problem (1). To do
this, we assume that the function ¢ satisfies the
following assumption:

0—

(G) g € Wi, (2 ) such that 0 < m, < g(x) <M, for all
1
X = (x,x) € Q and |vg| <m 42, Where h >0is
the first eigenvalue of the g -Stokes operator in Q,
(i.e. the operator A is defined in Section 2 below).
This paper is organized as follows. In Section 2, for
convenience of the reader, we recall some results
on function spaces and operators related to 2D

g -Navier-Stokes equations which will be used.
In Section 3, we show that any unstable weak
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stationary solution to 2D g -Navier-Stokes equations
can be exponentially stabilized by feedback controll
as a multiplicative white noise term.

2. Preliminaries

Let L (@, .¢) = (L@, ) and H)(,.¢) = () (2, )

14
be endowed, respectively, with the inner products.

(u,v)g = L)g uvgdx, u,vel’ (Qg,g),

((u,v))g = [Z:"[Qg Vu, Vv,gdx,
u=(u,uy),v=(v,v,)eH, (Qg,g)
|u|2 =(u,u)g [ |2 = ((uu))g Thanks to assumption
(G) the norms | .| and | .|lare equivalent to the
usual ones in (Hé (, ))2

Let

V= {u € (cg°(ng))2 V. (gu) = o}

Denote by H, the closure of v in L’ Q, .8, and
by V, the closure of v in H, (Qg,g). It follows that
V, € H, = H; c Vj;, where the injections are dense
and continuous. We will use | .|, for the norm in

V., and (.,.) for duality pairing between ¥, and .

and norms

We define the g- Stokes operator 4:V, — Vg' by
(Au,v) = ((u,v)), forall u,ve V.
Then A = - PgA and D (4) = }F(.Qg,g)ﬂ Vg, where P,

is the ortho-projector from H,(Q,.g) onto ¥,. We
also define the operator B: Vg x Vg — Vg' by (B(u,
v),w) = b(u,v,w), for all u,v,w € Vv, where.

2 ov.
b(u,v,w): Zjﬂguia—j;wjgdx.

i,j=1
It is easy to check that if u,v,w € Vg, then

blu,v,w) = - b(u,v,w), b(u,v,v) = 0.
We also set.
B(u) =B(uu)forallu €V,

We recall some known results which will be used
in the paper.

Lemma 2.1 ([1]). If n=2 then

o Bl I [ v, w e,
e W2 Julf IMJE AV [w]e Ve,

|b (1, v, w)| = veD(A),weH,,
ez [Auf: iz v e D(4).v e,

WEHg.

Where ¢,,i=1...3, are appropriate constants.

Lemma 2.2 ([3]) Let u€ L? (0,7, V) then the function
Cu defined by:

(Cu(®),v)y = ((%g V) u, v)
=b(%g,u,v),\7’vEVg, '

Belongs to L?(0,TV,) and hence also belongs to L
(0,T.V,) Moreover,

Vgl
\cu()] <! ri' Al forae. (€ 0.7)
0
And
1Vgle
lIcu®ll. <= lu(®)ll, for a.e. 1€ (0.7)
myA?

We give the definition of the weak stationary
solutions to 2D g -Navier-Stokes equations (1).

Definition 2.1. Let f € Vg' be given. A weak
stationary solution to problem (1) is an element
u'€ V, such that.

vAu +vCu +B(u ) =f in Vg'.

The following result was proved in [11].

Theorem 2.1. Let f be givenin Vg'.Then,

(i) there exists a weak stationary solution v’ V,to (1);

(ii) furthermore, if the following condition holds.
2

V9l ¢
1-—=% || >l 2)

Where:

c,is the constant in Lemma 2.1, then the weak
stationary solution to (1) is unique and globally
exponentially stable. That is, for any initial data u,
€ Hg and the any weak solution u () of (1.1), then
there exists A > 0 such that.

lu(t) — u*|? < |lupg — u*|?e ™, vt > 0.
Moreover, if 1" satisfying.
17l

v =
el < -2 1227,

moA3
¢ = max{cy, ¢3,C3},

[uy

1 7gl.
lug — u*| < kovA2 1—I g|1

mol’lf
Where k, is a positive real number, then there
exists k, o > 0 such that.

"u (t)—u*"2 < k|u0 —u*|2 eVt > 0.
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3. Stabilization by linear multiplicative ito noise

In this section, we will study the stabilization of the
solution »" by using a stochastic perturbation of the
type h(t,u)dW(t) = o(u - u”)dW(t).

We consider the following controlled 2D g
-Navier-Stokes equations in perturbed by a linear
multiplicative white noise.

du= [vAu —(uVu —Vp+f(x)1dt

+0'(u—u*)dW(t) ianXR+,
V. (gu)=0 nQ xR,
u=0 on BQg xR",
u(x,0) = u,(x) in Qg,

Where o is a real number, and

W(t):Qg - R t€ER

is a one dimensional Wiener process defined on a
probability space (Q, P.F).

Thus, we can write (2) as follows in the abstract
mathematical setting:

du = [-vAu —vCu — B(u) + f]dt
+o(u—u)dw@)inv,. 4)

Itis noticed that the stationary solution «" of problem
(1) is also a solution to perturbed problem (3).

The following theorem is our main result in this
section.

Theorem 3.1. Let f be given in Vg' and u" be any
weak stationary solution to (1) such that.

1
* 2 79l
lwll < =22 {1 -=2% (5)
L moﬂ.i

Then the stationary solution «" is almost sure
exponentially stable. That is, there exists
0o € N,P(y) =0 such that for @£Q, there
exists T(w) > 0 such that any weak solution u(?) to
(3) following estimate holds.

[u(t) —u*|? < lug —u*|2e7 ", Ve > T(w)
Where

2
* O

Ly Lo 1o Vele | 2e 0 0% | g
A

}/25/11 2v| 1 W
myA?

Proof. Let us apply Ito’s formula for |u(t)—u*|2.
Then it follows.
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/
N
.

t

—ZJ(vCu(s),u(s)—u*) ds

g
0

+2':[(f,u(s)—u*)ds+':[|h(s,u(s))|2 ds

+ZI(u(s)—u*,h(s,u(s)))dW(s),

0

And so ,

()= =l ()= =2 vfu(s)-" [
—Z‘Z[b(u(s)—u*,u w(s)—u"Yis
—2':[V(C(u(s)—u*),u(s)—u ) ds

oot a2 fofute) - aw(s)

Now, lIto’s formula for log|u(t)—u"|2 yields that.

o iw#[_vuu(s)_

1og|u (t)—u*|2

= log|u(0)—

u*"Zst

+ -
0 |u(t)—u |
Using Lemmas 2.1 and 2.2 we get.
s)—u*"z—V(C(u(s)—u*),u(s)—u*)g
—b(u(s)—u*,u*,u(s)—u*)
ng .
el s S Juto)-of
moﬂf ﬂqz
S e A O
maz) A2
Thanks to condition (4).
]2
10g|u(t)—u |

-V "u(

<|-v+v

<A|-v|l

1—|8

= log|u (0)—u*|2

T A

+4|-2 e |+ = [ -2 |er20W ).
miz) 2
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Wit
Therefore, Letting limﬁ—w almost surely,

> t

we can find a set Q, c Q with P(€2))= 0 such that,
there exists T(w) such that for all Vi T (o).

20W (t \% .
G—()S_%j_‘ oy 1_& +2_C11 .o

' mA? ) A2 4
This deduces that.

Or, equivalently,
[u(t) —u*|? < |lug — u*|?e™ ", vt = T(w)
Where:

1 Vel o’

7:5/11 2v|1-—
mo/llE

The proof is complete.

_2¢

A7 u

*

—|8
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